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Abstract: A new approach is proposed for study structure and properties of 
the total squared mean curvature W of surfaces in R 3 . It is based on the 
generalized Weierstrass formulae for inducing surfaces. The quantity W (Will- 
more functional or extrinsic Polyakov action) is shown to be invariant under the 
' modified Novikov-Veselov hierarchy of integrable flows. 

, It is shown that extremals of W (Willmore surfaces) obey the two-dimen- 

' sional Schrodingcr equation and possible relations between Willmore surfaces 

OS , and the Novikov-Veselov hierarchy of integrable equations are discussed. 

The 1+1-dimensional case and, in particular, Willmore tori of revolution, are 
studied in details. The Willmore conjecture is proved for the mKDV-invariant 
(3jT)' Willmore tori. 

-a 
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s_! ■ 1. Introduction 

Surfaces and their dynamics play an important role in many interesting 
phenomena both in classical and quantum physics (see, e.g., fl ||, ||, f|). In the 
string theory and 2Z?-gravity based on the Polyakov integral over surfaces (|B) 
contributions from certain special classes of surfaces are of crucial importance. 

In mathematics the foundations of differential geometry of surfaces have 
been basically completed almost one century ago (see, e.g., || J?]]). Nevertheless, 
number of problems concerning the structure and properties of special classes 
of surfaces are still remain open (see, e.g., [|[ |[ [l0||). 
The total squared mean curvature 

W= [ H 2 dn (1.1) 
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is one of the most important characteristics of surfaces in the three-dimensional 
Euclidean space R 3 . Here H is a mean curvature and <i/i is a Liouville measure 
with respect to metric induced by immersion. In string theory and 2D-gravity 
the functional W is known as the Polyakov's extrinsic action. The properties of 
the Polyakov's action were the subject of study in a number of papers (see the 
review fiTf ). 

In the differential geometry the functional W has been investigated within 
the study of so-called Willmore surfaces ( §, [k], [if, [l| [l| || 0, || |§ ) . 
These surfaces provide extremum to W and obey the corresponding Eulcr 
Lagrange equation 

AH + 2H(H 2 - K) = (1.2) 

where K is the Gaussian curvature and A is the Laplace-Beltrami operator. 
A study of extremals of the functional W is also the great importance for 2D- 
gravity. In quantum theory they correspond to so-called zero modes. 

In the present paper we propose a new approach to study structure and 
properties of the functional W (1.1) and corresponding extremals of (1.2). Our 
approach is based on the generalization of the Weierstrass formulae proposed in 
[ po| . This generalization allows one to induce generic surfaces in R 3 via solutions 
of the system of two linear equations. We show that the generalized Weierstrass 



inducing from |20 is equivalent to earlier extension of Weierstrass formulae 
given in |2^| (see also |2^, ^3))- An advantage of new formulation is that it 
allows to describe and construct integrable deformations of induced surfaces via 
the modified Novikov-Veselov (mNV) hierarchy flows ( |2J] , for Veselov-Novikov 
equation see pq ], and also pq|). It is shown that the functional W is invariant 
under mNV deformations. 

In this paper (part I) we restrict ourselves to the 1 + 1-dimensional limit of 
our scheme. We concentrate on the mKDV-invariant Willmore tori of revolu- 
tion. Properties of such tori are studied. For mKDV-invariant Willmore tori 
of revolution we prove the Willmore conjecture that their total squared mean 
curvature W > 2w 2 and, moreover, W = 2ir 2 only for the Clifford torus. 

The relation of this problem to soliton theory was noticed about ten years 
ago and the finite-gap integration was used for constructing Willmore tori (see 
[[l(| Q |l9))- But the formulae for finite-gap solutions is rather unefficient. We 
will discuss only Willmore tori of revolution postponing the consideration of 
general case and will not give rigorous mathematical proofs (but notice that 
that is possible as one will see). Our main goal is to shed light on the one- 
dimensional case for using this approach to the main problem. 

The paper is organized as follows. In section 2 the generalized Weierstrass 
inducing is discussed. The equivalence of equation (1.2) to the 2D-Schrodinger 
equation is proved in section 3. The 1 + 1-dimensional case is considered in 
section 4. The construction of the Clifford torus via the generalized Weierstrass 
inducing is given in section 5. In section 6 we prove the Willmore conjecture 
for the mKDV-invariant Willmore tori of revolution. 
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2. Generalized Weierstrass inducing 

The generalization of the Weierstrass inducing, proposed in |Q , starts with 
the linear system 

= -Pipi (2.1) 

where p(z, z) is a real-valued function, ipi and ip 2 ar e complex-valued functions 
of the complex variable z, and bar denotes the complex conjugation. Then one 
can define three functions (X 1 (z,z),X 2 (z,z),X 3 (z,z)) as follows 

X 1 + iX 2 = 2i (tjjfdz' - 4>ldz'), 



X 1 - iX 2 = 2i J (rp%dz' - ipldz'), (2.2) 
X 3 = -2 / (^idz' + Mj 2 dz') 



Jr 

where T is an arbitrary curve and treat X 1 , A" 2 , and X 3 as the coordinates of 
surface in R 3 while z, z are local coordinates on the surface. 

An arbitrary surface in n R 3 with non-vanishing mean curvature can be 
represented by using this method (that was proved for Kenmotsu representation 
(pjj, p2[ ) and valid for (2.2) since this representation is equivalent to Kenmotsu's 
one as it will be shown below). 

The metric which is induced by this immersion is equal to ((2Cj) 

Au{z,z) 2 dzdz (2.3) 

where u(z,z) — \ipi\ 2 + \ip2\ ■> an d the Gaussian curvature K and the mean 
curvature H have the form 



K = — 3_Alogw, H=-. (2.4) 

■iu 2 u 



It is easy to notice that formulae (2.1) and (2.2) are reduced to those of 
Weierstrass in the case p = 0, i.e., for minimal surfaces. 

Exact explicit solutions to (2.1) provide us surfaces in R 3 via (2.2) by quadra- 
tures. A family of surfaces parametrized by an arbitrary number of holomorphic 
functions has been constructed in 

Another extension of the Weierstrass inducing to nonminimal surfaces has 
been proposed earlier by Kenmotsu ([|lj, see also j2^]). In this approach a 
surface in R 3 is defined : 

X l = [u>i (2.5) 



where 

Wl = Re{<f>(l - f 2 )dz), 



3 



lo 2 = Re{t<f>(l + f)dz}, (2.6) 
CJ3 = Re{2cj>fdz} 
and functions / and 4> obey the relation 

The mean curvature has the form 

h 



H 



0(1 + l/l 2 )' 



The generalized Weierstrass inducing (2.1) — (2.2) and the Kenmotsu in- 
ducing (2.5) — (2.7) are equivalent to each other. The relation between ipi,ip2,P 
and /, 4> are of the form (see also [^3) ) 

/ = < 2 T,0 = i^2 (2-8) 

and 



(2.9) 



(l + l/l 2 ) 

One of advantages of the representation (2.1) - (2.2) is that, due to the 
linear character of (2.1), it allows to describe integrable deformations of induced 
surfaces in a simple manner. For that purpose one uses the basic idea of the 
inverse spectral transform method and looks for the deformation of all quantities 
in (2.1) in time t via the equation 

*^-A(%) (2.10) 



^2 J t \ fa 

where A is a differential 2 x 2-matrix operator (p0|). The requirement of 
compatibility of (2.1) and (2.10) first quarantees the preservation in time t 
of the generalized Weierstrass inducing (2.2) and, second, leads to nonlinear 
differential equations for p. 

The simplest nontrivial example corresponds to nonlinear problem (2.10) of 
the form 

( a + * + a j + 3(» p j WW; °W 



3 / ojg 2pu! 
2 \ -2pui lu z 

The associated nonlinear integrable equation for p is 



)^ = 0. (2.11) 



3 3 

Pt + Pzzz + Pszz + 3p z uj + 3pzdi + -pu) z + -puj z = 0, (2-12) 
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tOz = (P 2 )z- 

Equation (2.12) is known as the modified Novikov-Veselov equation (mNV) 
(|24f|). The mNV equation is integrable by the Inverse Scattering Transform 
(1ST) method. The hierarchy of integrable PDEs associated with the system 
(2.1) arises as the compatibility condition of (2.1) with the system of the form 
(2.10) where 

2fc-l 

A = -{df +1 + df +1 + Y, ( u md? + u m &?)). (2.13) 

All equations of mNV hierarchy commute to each other and are integrable by 
the 1ST method. 

Thus the integrable dynamics of surfaces is induced by the mNV hierarchy 
via (2.2). This integrable dynamics of surfaces inherits all properties of the 
mNV hierarchy. Note that the minimal surfaces (p = 0) are invariant under 
such dynamics. 

Within the generalized Weierstrass inducing the functional W has a very 
simple form. Indeed, by using of (2.3) and (2.4), one gets 

W = 4 J p 2 dzdz. (2.14) 

Thus, using the exact solutions of system (2.1), one gets W . 

An important properties of W is that it is invariant under the mNV defor- 
mations. Indeed, rewriting the mNV equation (2.12) in the form 

(p 2 ) t + (2 Pzz -p 2 z + 3p 2 cj) z + (2 fe - p\ + Zp 2 uj)- Z = 

one easily concludes that 

W t =A J (p 2 ) t dzdz = (2.15) 

for periodic surfaces (p is a periodic function) or for p decreasing as \z\ — > oo. 
The quantity J p 2 dzdz is the integral of motion for the whole mNV hierarchy 
(we will give the complete prove for 1 + 1-case below) . 

Thus the infinite-parametric family of mNV deformed surfaces have the same 
value of W. 



3. Willmore surfaces, two dimensional Schrodinger equation and 
NV hierarchy 

We consider now the Eulcr-Lagrange equation (1.2) which defines the Will- 
more surfaces. We will consider a surface in the system of local coordinates 
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formed by minimal lines. The metric in these coordinates has the form (2.3) 
where u is some real-valued function. Then let us introduce the real-valued 
function p via H = 

Since in these coordinates 



„ H zS (logw) z j 

H = — J", A = 5 



equation (1.2) becomes 



u zS - (logp) s u z - (logp) z u z + Pzz + 2p u = 0. (3.1) 

p 

Then we introduce new variable £ via u — p£. In terms of £ equation (3.1) is of 
the form 

£ zz +2((\ogp) zz +p 2 )t = Q. (3.2) 

Noting that £ = = , we finally conclude that the Euler-Lagrange equation 
(1.2) is equivalent to the two-dimensional Schrodinger equation 

with the potential 

V = 2(log(tt£0)» + 2 (^) 2 - ( 3 - 4 ) 
In terms of the variable logp = \og(uH) = cf> one has 

V = 2(^ 2 + exp20). (3.5) 

Thus for induced Willmore surfaces the linear system (3.3) holds. 
Note that for periodic p and p decaying as \z\ — > oo, one has 

W = A j p 2 dzdz = 2 y Fdzdz. (3.6) 

Following the basic idea of the Inverse Scattering Transform method (see 
p?[ p8[ ) , we define deformations via the compatible system of equations 

U + vi = o, 

& + 5*^ = (3.7) 

where ^4 is a differential operator and t is a deformation parameter. The com- 
patibility condition (3.7) is equivalent to nonlinear PDE for V . The simplest 
nonlinear PDE of this type is the Novikov-Veselov equation (|2j|) 

V t + V zzz + V ggi + 3(V(d^V z )) z + SiVid^V,)), = 0. (3.8) 
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This equation is the first one from the infinite hierarchy of Novikov-Veselov 
equations which are integrable by the 1ST method. It is easy to show that for 
the Novikov-Veselov equation (3.8) as for all equations from this hierarchy the 
identity 

— / Vdzdz = 0. (3.9) 

holds. 

Notice that in one-dimensional limit the equation (3.3) reduces to the linear 
problem for one dimensional Schrodinger equation and the Novikov-Veselov 
equation (3.8) reduces to the Korteweg-de Vries equation 

V t + ^V xxx + UVV x = 0. (3.10) 

Possible geometrical meaning of such deformations will be considered else- 
where. 



4. Induced tori of revolution and the mKDV equations 

In the rest of the paper we will consider surfaces of revolution that correspond 
to the case when p{z, z) = p{x) where z = x + iy and x and y are real-valued 
variables, and functions ip\ and ip2 which define the generalized Weierstrass 
inducing have the following form 

ip 1 =r(x)exp—, ip2 = s(x)exp— (4.1) 

where r{x) and s(x) are real-valued functions. 

For surfaces of revolution system (2.1) takes the form 

r x = -^r + 2ps, 

s x = is - 2pr (4.2) 

These equation means that the vector function (r, s) belongs to the kernel 
of the following operator 

*-*-K^-*) (43) 

for 

A = -l,v = Ap. 
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Since (4.3) we have 

(rs) x = -\{r 2 - s 2 ), (r 2 + s 2 ) x = A(r 2 - s 2 ), 

(r 2 - s 2 ) x = X(r 2 + s 2 ) + 2vrs. (4.4) 

It follows directly from (4.4) that functions u and p are related via the following 
identity 

\2.. 

(4.5) 



which for A = — 1 , p = Av has the form 



Ay/ U 2 — U 2 



(4.6) 



We call the induced surface of revolution one-periodic if the functions r[x) 
and s(x) are periodic with the same period T. In this case it follows from (2.2) 
that functions X 1 and X 2 are double-periodic but the formula for X 3 has the 
form 

X 3 = -A r(x)s(x)dx (4.7). 



Generally formulae (2.2) induce in this case a cylinder of revolution. We also 
mention that if 

rT 

r(x)s(x)dx = (4.8) 

then in virtue of (4.7) this one-periodic cylinder converts into a torus of revolu- 
tion. Via (2.3) and (2.4) the total squared mean curvature of such torus M is 
equal to 

W(M) = { H 2 d{i = [ dx [ dy^Au 2 = 8tt / p 2 dx (4.9) 
Jm Jo Jo u Jo 

where d[i = Au 2 dxdy is the natural measure on M which is determined the 
induced metric. 

Now let us introduce mKdV hierarchy. We will follow formulae from p9[ . 
Let us consider the following matrix operator: 

K 2n+ i = \(n B a) (4-10) 



2 V C -A 

where matrix elements are determined by following formulae 



k=0 



8 



k=0 k=0 

4&i = d-\vD- k -\ x ),A^ +1 = 1, (4.11) 
^2k+l = D n ~ k ~ 1 v x , 1*' = ^, 
D = d 2 x +v 2 + v x O x 1 v. 

The Lax equations 

[d t2n+1 +K 2n+u L}=0 (4.12) 

form hierarchy of nonlinear equations known as modified Korteweg-de Vries 
(mKdV) hierarchy. These equations are equivalent to the following 

vt 2n+1 = D n v x (4.13) 
and the first nontrivial equation among them is the famous mKdV-equation 

v t = ^v 2 v x +v xxx . (4.14) 

One can see that (4.14) is one-dimensional limit of (2.12) (for p = ^p-) or (3.8). 
Deformation (4.13) induces deformation of r(x, h, . . .) and s(x, ti, . . .) 

Vt 2n+1 = K 2n +iV (4-15) 

where rj T — (r,s). Let us show that condition (4.8) is preserved by all these 
flows. 

Let us compute 



! d 

1 n — 



- f rsdx = ( (r t2n+1 s + rs t2n+1 )dx = 
i Jo Jo 



/ E^liA^^ + ^+E^A^^-r 2 ) )dx. (4.16) 
Jo \ o o / 

Integrating (4.16) by parts with using of (4.4) we convert it as follows 

T /n-l n \ 

7 « = / E * k+1 ~D n - k - X v x + E \ 2k - 1 D n - k v x (r 2 + s 2 )dx. 



Thus if we will prove that Jk = (D k v x )(r 2 + s 2 )dx = for any k > then 
we will prove that I n = for any n. 

It is easy to notice that it follows from (4.4) that 

Jo = / v x (r 2 + s 2 )dx = - f v\(r 2 - s 2 )dx = 2A f (rs) x dx = 0. 
Jo Jo Jo 
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Let us compute Jk (we will omit limits of integration) : 

Jk= j (D k v x )(r 2 +s 2 )dx = 

J (d 2 x + v 2 + v x d- 1 v)(D k - 1 v x )(r i + s 2 )dx = F 1 +F 2 +F 3 
where in virtue of (4.4) 

Fi= J (D^v^r 2 + s 2 ) xx dx = 

X 2 J {D k ~ 1 v x ){r 2 + a 2 )dx + 2A J vrsiD^v - x)dx, 
F 2 = j v 2 (D k - 1 v x )(r 2 + S 2 )dx, 
F 3 = Jv x d- 1 (vD k - 1 v x )(r 2 +s 2 )dx = J d" 1 ^" V)(r 2 + s 2 )dv = 
v 2 (D k - 1 v x )(r 2 + s 2 )dx -X f v(r 2 - s^d' 1 (vD^v - x)dx = 



- J v 2 (D k - 1 v x )(r 2 + s 2 )dx - 2X J vra(D k - 1 v - x)dx. 
Combining all formulae for Fi , F 2 and F 3 we derive that 

Jk = A 2 Jfc-l 

and since Jo = we obtain that Jk = for all k. As we mentioned above it 
immediately follows now that 

I n = 0, n > 0. 

Thus we prove that 

equations of the mKdV hierarchy (4-13) deform tori, induced via (2.2) and 
(4-1), into tori. 

Let us now show that the total squared mean curvature W(M) is also pre- 
served by these flows. Firstly mention that operator 

D+ =d 2 x +v 2 -vd^v,; 

is formally coadjoint to operator D, i.e. 

J f-Dgdx = J D+f -gdx. 
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One can see that 



d x D+ = Dd x . 



Since v — Ap, the identity 



W(M) = - / v 2 dx (4.17) 
2 Jo 

holds. The derivative of W(M) with respect to t 2 k+\ is equal to 
hv{M) t2k+1 = 2 J v(D k v x )dx = J v x {{D+) k v)dx = 

{v{D+) k v)\l - J vd x ((D+) k v)dx = 

{v(D+) k v)\l - J v(D k v)dx. 

It is only enough to mention now that the function v(D + ) k v is periodic and 
thus we derive that 

J v{D k v)dx = \{v{D + ) k v)\ T =0. 
Thus we conclude that 

the total squared mean curvature W is the first integral of all flows of the 
mKdV -hierarchy : W t2k+1 = for k > 0. 

Now we proceed to Willmorc tori. The Euler- Lagrange equation for the 
Willmorc functional in terms of these functions has the following form 



2 {7(r)- + — + £(log^} = 0. (4.18) 



Multiplying (4.18) by Au A we obtain 

p xx u + pu xx - 2p x u x + 8up 3 = 0. (4.19) 

Notice that (4.19) follows from (3.1) as its one-dimensional reduction. Differ- 
entiating (4.19) by x we obtain 

u xxx p - u xx p x + u x (-p xx + 8p 3 ) + u(2Ap 2 p x +p xxx ) = 0. (4.20) 

But also we can differentiate (4.6) by x (for v = Ap, A = — 1 ) and conclude 
that 

u xxx p - u xx p x - u x (l - 16p 2 )p + up x = 0. (4-21) 
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It follows from (4.20) and (4.21) that for Willmore tori of revolution the impor- 
tant equation 

(8p 3 + p xx - p)u x + (p x - 24p 2 p x - p xxx )u = 0. (4.22) 



holds. 

It follows from (4.22) that 



„3 



+ Pxx — P = a ■ u, a = const. (4.23) 



Thus we conclude that 

for every induced Willmore surface of revolution equation (4-23) holds. 



5. Clifford Torus 

Here we demonstrate how the Clifford torus can be obtained by inducing 
(2.2), (4.1). 

Let S 3 be a unit sphere in four-dimensional Euclidean space R 4 . The Clifford 
torus in R 4 is an image of the immersion 

^9 ... ,cosu sinu cosv sinw N ,„ „ N 

K 2 ^ S 4 : (u, v) -» (— ^=-, —j=-, —j=-). (5.1) 

It is easy to notice that this immersion is double periodic and its image will be 
an embedded torus. 

Let us consider the stereographic projection of S onto the plane X4 = — 1 
from the pole (0,0,0, 1): 

{x 1 ,x 2 ,xz,x 4 ) -> ( -, -, 7,-1)- (5- 2 ) 

X4 — 1 X4 — 1 X4 — 1 

We will call the image of the Clifford torus with respect to this projection 
Clifford (in R 3 — !) again: 

, . ,2 cos u 2 sin u 2 cos v . , 
(«,«)->(— D-'-p-'— d~) ( 5 ' 3 ) 

where D = \/2 — sin v. One can compute that the first fundamental form is 
equal to 

-L(du 2 + dv 2 ) (5.4) 
and the second fundamental form is equal to 



2(V2sin V -n 2 , 2 - 



D 2 D 2 



du 2 + -f^dv z . (5.5) 
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It follows now that the Gaussian curvature K and the mean curvature H are 
given by the following formulae 

g= VSrint,-! H = ^l (5 . 6) 
4 2V2 

Let us now put 

p [x) = _ ^ (5.7) 

2^2(^2- sin x) 

and 

u{x) = 1 , . (5.8) 
V2 - sin 2: 

It is easy to check now by using of direct computations that functions r(x) and 
s(x) such that 

2 u - u x 2 u + v^sinx-l , . 

r = — - — , s = — - — ,rs= — (5.9) 

2 2 2(V2-si na; ) 2 V ^ 

satisfy system (4.2). 

We can also obtain functional equation for p{x). It follows from (5.7) that 

sinx = — _ . (5.10) 

1 + 2V2p 

Differentiating (5.10) by x we obtain expression for cos a; in terms of p and p x : 

cosx = &P X — (5.11) 

(1 + 2V2p) 2 V ^ 

Substituting (5.10) and (5.11) into the trivial identity 

sin 2 x + cos 2 x = 1 



we obtain 



p 2 x = -4/ + 2p 2 + + ^ (5.12) 



6. mKDV stationary Willmore tori of revolution 

We will restrict ourselves to the Willmore tori generated by stationary so- 
lutions of the mKDV equation (4.14) (for v = Ap). Such solutions obey the 
equation 

c 2 p x + Pxxx + 24p 2 p x = (6.1) 
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where c 2 is an arbitrary constant. The relation (6.1) implies that 

Pxx + 8p 3 - c 2P - y = (6.2) 

or finally 

p 2 x = -4p 4 + c 2 p 2 + cip + c (6.3) 

where Co and c\ are also arbitrary constants. 

It is easy to notice that this function p(x) is elliptic. 
Substituting (6.2) into (4.23) we obtain 

a-u = (c 2 -l)p+j. (6.4) 

Thus we arrive to two possibilities 

1) a^O; 

2) a = and in this case c 2 = 1, C\ = 0. 

In the first case substituting (6.4) into (4.6) we obtain that 

4c? - 1 

C2 = 2,c = ^^. (6.5) 
But one can also substitute (6.4) into (4.19) and obtain that 

ci = c 2 d, c = (6.6) 
where d = 2 ( C 2-i) ■ Combining (6.5) and (6.6) together we obtain that 

2 1 1 

C2 = 0, Cl = -,c = -. 

But as one can see (5.12) that we obtain Clifford torus (note that functions p(x) 
and —p(x) induce the same surface). Thus 

a 7^ in (6.4) then the only Willmore surface of revolution for which (6.4) 
holds is the Clifford torus. 

It is left now to consider the case when 

p 2 x = -4p 4 +p 2 + a (6.7) 

where a is a real parameter. This family may contain non-trivial periodic po- 
tentials of two different types: 1) for ^ < a < potential p(x) is positive 

or negative and W1 + 16 " < p 2 < 1+V1 + 16 " ; 2) potential p varies from -C 

till C where G = \J 1 + 1+ ^+] H for a > 0. We will show that by different 
reasons every of these families does not contain Willmore torus of revolution 
with W < 2tt 2 . 
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Let us assume that potential p(x) which satisfies (6.7) induces a one-periodic 
cylinder of revolution. 

It follows from (4.6) that identity (4.7) is equivalent to the following 

S Q = ( T ^^-dx = 0. (6.8) 
Jo V 

Integrating (6.8) by parts two times we obtain that 

So= [ T u(- + ^-^)dx. (6.9) 
Jo P P P 

But in virtue of (6.7), 

S Q = -2a / — dx. (6.10) 
Jo P 

Since u — r 2 + s 2 > then for a < integrand in the right-hand side of (6.10) 
does not change its sign and we conclude that So ^ and thus potentials (6.7) 
with a < do not induce tori of revolution. 

We will not obtain an analogous statement for potentials (6.7) with a > 
but we will usually show that such potential induces torus then inequality 

W = 8it[ p 2 (x)dx > 2n 2 . (6.11) 
Jo 

holds. 

Let us assume that potential p(x) which satisfies (6.7) with a > induces 
a torus via formulae (2.2) and (4.1). Let T be a period of functions p(x),r(x), 
and s(x). The total squared mean curvature is equal to 



T 



p 2 dp 



Let us put 



W = 8tt / p 2 dx = 32tt / f -t- = _ ^ 

Jo Jo V ~ 4 P 4 + P 2 + a 

f3 = VI + 16a, C = — — ,k =—yf- 

It is easy to notice that maxp = — minp = \fC and substituting v = C — p 2 
into (6.12) we obtain W = 16irl where 

^ ^~ vdv (6.13) 



o ^Jv((3 - 4v) 

But the last formula can be expressed in terms of classic elliptic integrals (see 
|0), formula 3.141.8): 

I=^E(k)-^F(k) (6.14) 
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where E(k) = £(§,&)) F(k) = F{%,k), and 

E((f>, k) = f Jl-k 2 sin 2 (r)rfr, 
Jo 

F(4,,k)= [* dr 

J o Jl-fc 2 sin 2 (r) 

The right-hand side of (6.14) is equal to f(k) — £ ^ fc ^~ l ' 2 1 fc ^ fc ^ F< - h) and it is easy 

to see that this function is well defined for k 6 (1/V2, 1] and continuous on this 
set, /(l) = 1 and f(k) — ► +oo as k — ► l/v2, and the inequality > 27r 2 is 
equivalent to the following 

/(*)>£, -L<*<1. (6.15) 

Let us find the minimum of this function. Since /(fc) is smooth, we ought 
firstly to find points where f'(k) = 0. But two following important identities 
holds (Q, formulae 8.123.2 and 8.124.1): 

dF 

E(k)-{l-k 2 )F(k) = k(l-k 2 ) — , (6.16) 

ak 

l {Hl ~ k2) ^ } ^ kR (6 ' 17) 
In virtue of (6.16) and (6.17) we derive that f'(k) = if and only if 2E(k) = 
F(k). The function F(k) is monotonically increasing as k — » 1, and the function 
S(fc) is monotonically decreasing at the same time. We notice now that 2E(k) = 
F(k) for k 2 fa 0.826 (E ps 1.1613, F w 2.3181 for fc 2 = 0.825, 15 ps 1.1606, F « 
2.3207 for fc 2 = 0.826, and E ps 1.1599, F ps 2.3234 for k 2 = 0.827) (|l|). We 
can make rigorous estimates but from these tables it is rather evident that (5.16) 
holds because /(\/0.826) pa 0.9352 and the estimates given above allow us to 
make this conclusion (notice also that ? < 0.7854). 

Thus we conclude that if potential p(x) which satisfies (6.7) with a > 
induces a torus then the total mean curvature of this torus is greater than 27r 2 . 

Thus we conclude that 

if potential p(x) induces, via (2.2) and (4-1), mKdV -invariant Willmore 
torus of revolution then total squared mean curvature of this torus is greater or 
equal to 2ir 2 and, moreover, is equal to 2ir 2 only for the Clifford torus. 

The case of mKDV-noninvariant tori will be considered elsewhere. 
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